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≡ 1 (mod 3).
Recently a q-analogue of the ﬁrst congruence was conjectured by
Guo and Zeng. In this paper we prove the conjecture of Guo and
Zeng, and also give a q-analogue of the second congruence.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Partially motivated by the work of Pan and Sun [2], Sun and Tauraso [6] proved that for any
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264 H. Pan, Z.-W. Sun / Advances in Applied Mathematics 49 (2012) 263–270where (−) is the Legendre symbol. (See also [5] and [8] for related results.) When checking whether
























 2a for a = 1,2,3, . . . , (1.1)
where ν3(m) denotes the 3-adic valuation of an integer m (i.e., ν3(m) = sup{a ∈ N: 3a | m} with
N = {0,1,2, . . .}). However, a reﬁnement of this was proved earlier by Strauss, Shallit and Zagier [4]
in 1992.

















) ≡ −1 (mod 3) for all n ∈ Z+.
Recall that the usual q-analogue of a natural number n is












q − e2π ir/d).
The polynomial Φd(q) has integer coeﬃcients. Given a positive integer n > 1, it is clear that
[n]q = q
n − 1








It is well known that if d1,d2 ∈ Z+ are distinct then Φd1 (q) and Φd2 (q) are relatively prime in the
polynomial ring Z[q]. If p is a prime and a is a positive integer, then
Φpa (q) = q
pa − 1


















([n]q · · · [n − k + 1]q)/([1]q · · · [k]q) if 0< k n,
1 if k = 0,
0 if k > n.
Recently Guo and Zeng [1] conjectured the following q-analogue of (1.1).









≡ 0 (mod [3a]2q) for any m ∈ Z+. (1.3)
Concerning this conjecture, Guo and Zeng [1] were able to show congruence (1.3) with the modu-
lus [3a]2q replaced by [3a]q .
In this paper we prove Conjecture 1.2 as well as a q-analogue of congruence (1.2).












































(3 j + 1)2 ≡ −
3a−1−1∑
j=0
(−1) j = −1 (mod 3).
Also, for k ∈ Z+ with k ≡ 1 (mod 3), [k]q is relatively prime to [3a]q since k is relatively prime to 3a .
Therefore congruence (1.4) implies both congruences (1.2) and (1.3) in the case m = 1.
We will prove an auxiliary result in the next section and then show Theorem 1.3 in Section 3.
2. An auxiliary theorem
Theorem 2.1. Let a,m ∈ Z+ and let ψ : Z→ Z be a function such that for any k ∈ Z and j = 1, . . . ,a we have












≡ 0 (mod [3a]2q). (2.1)k=1











≡ 0 (mod [3a]2q). (2.2)









































≡ 0 (mod Φ3 j (q))
for every j = 1, . . . ,a.
For any 1 j  a and 1 k 3am − 1 with 3  k, write k = 3 j s + t where 1 t  3 j − 1. Then, by
the q-Lucas congruence,
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2 · 3a− jm − 1
s
)[






















q− j([3 j]q − [ j]q)

































[3 j s + t]q
[
2 · 3am − 1




3a− jm−1∑ (2 · 3a− jm − 1
s






mod Φ3 j (q)
)
.s=0 t=1









































= 0 (mod Φ3 j (q)).
So (2.1) holds.
Note that (2.2) is just (2.1) with ψ replaced by the zero function from Z→ Z. So (2.2) is also valid.
This concludes the proof. 
3. Proof of Theorem 1.3






























1− qk)) (mod Φ3a (q)), (3.1)
where
Ψa(k) := ψ(3





















































2 · 3a] = [3a] (1+ q3a)= [3a] (2+ q3a − 1)≡ 2[3a] (mod [3a]2).q q q q q
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q3
as = 1+ (q3a − 1) s−1∑
j=0
q3







a j − 1)
)
≡ 1+ s(q3a − 1) (mod Φ3a (q)2)
and
q−3as ≡ 1
1+ s(q3a − 1) = 1− s(q
3a − 1)
1− s2(q3a − 1)2 ≡ 1− s
(
q3
a − 1) (mod Φ3a (q)2).






















ψ(k)−(k2)(1+ (ψ(3a−k)−ψ(k)3a + k − 3
a−1
2 )(q















ψ(3a − k) − ψ(k)
3a



























1+ q j − 1
[ j]q = −
(

































(1− q) (mod Φ3a (q)).

















































































1− q3a)) (mod Φ3a (q)2).
Noting that [3a]q divides both sides of the above congruence by Theorem 2.1 and [2 · 3a]q ≡
2[3a]q (mod [3a]2q), we are done. 
























am − k)2 − (3am − k)( 3am−k3 ) − ( k3 )2
3
∈ Z.
Whenever k ≡ l (mod 3 j) with k, l ∈ Z and 1 j  a, we have
























= (k − l)
(





≡ 0 (mod 3 j+1).
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get (1.3).
















































This concludes our proof. 
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